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Abstract. A starting point of this paper is a classification of quadratic poly- 
nomial transformations of the monodromy manifold for the 2x2 isomon- 
odromic Fuchsian systems associated to the Painleve VI equation. Up to 
birational automorphisms of the monodromy manifold, we find three trans- 
formations. Two of them are identified as the action of known quadratic or 
quartic transformations of the Painleve VI equation. The third transformation 
of the monodromy manifold gives a new transformation of degree 3 of Picard's 
solutions of Painleve VI. 
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1. Introduction 
In this paper we consider the sixth Painleve equation PVI [3 [53 [H] 
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as the isomonodromic deformation equation of a general linear 2x2 Fuchsian 
system with 4 singularities 0,f, l,oo (see Appendix [5]) . Locally, solutions of the 
sixth Painleve equation (up to Okamoto birational transformations) are in one-to- 
one correspondence, the so called Riemann-Hilbert correspondence, with points on 
the monodromy manifold associated to such Fuchsian system. 
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Let US briefly recall this setting. Denote by Mq, Mt, Mi, Mco G SL{2,C) the 
monodromy matrices around the singularities 0,i, l,cx) with respect to the basis 
of loops depicted in Figure [T] Their traces are determined by the parameters 
{9o,0t,9i,9oo) such that 

(1-2) a = , /3 = --, 7=y, ^^^^ 

Let a denote the vector (oq, aj, ai, Ooo, oot, agi, flfi) with 

(1.3) a; := Tr(M,) = 2cos(7r6'i), for i e {O,t,l,oo}, 

(1.4) aot = Tr (MoMj) , ooi = Tr {MoA'h) , an = Tr (M^Mi) . 

As described in Appendix A.l[ the monodromy manifold [14] is represented by the 

following affine cubic surface in C^: 

(1.5) 

Q := C[aot,aoi,ati]/(aot + aoi+aji+aotaoiafi-wotaof-woiaoi-wtiafi+Woo = 0). 
Here wot, i^oii '^ti a-nd ojoo are given by 

(1.6) ujij -.^ aiGj + akUoo, k^i,j, and ij,ke{0,l,t}, 

Woo = + «t + a? + + aoataiaoo - 4. 
The following birational automorphisms of the monodromy manifold are known: 

• permutations of the coordinates aot,aoi,a(i, and the same permutation of 
the coefficients u!ot,'-^oi,^ti'j 

• changes of two signs, say (wot,a;oi, wn) ^ (-wot, -wqi, ^ti) and 
(aot,aoi,ati) ^ (-aot, -agi, an); 

• action of the braid group with these generators: 

/5i(aot, aoi, ati) = {dot, o,ti,^oi — aoi — aotOti); 

/?2(aot, ooi, afi) = {aoi,uJot — aot — 001^*1, Oti)- 
The first two correspond to Okamoto transformations, as recalled in the Appendix 
|A.H while the braid group action describes analytic continuation of PVI solutions 
around the critical points [H [TT] . 

There are also other transformations acting on the solutions of the sixth Painlee 
equation: quadratic and quartic transformations of the Painleve VI equation are 
known [TTKTnilMlHZ], though the corresponding action on the monodromy manifold 
has not been presented yet in the literature. This paper shows that these actions 
are given by quadratic polynomial transformations on the coordinates aot,aoi,ati 
of the monodromy manifold. 

More generally, we classify all quadratic polynomial transformations of the cubic 
surface (1.5) and identify the corresponding transformations of the sixth Painleve 
equation. As a result, we find a new cubic transformation of the sixth Painleve 
equation. Our classification result is summarised in the following theorem: 

Theorem 1.1. Up to the birational automorphisms of the monodromy manifold 



1.5), the only transformations of the form 

flot = Ai(aot, agi, ati), agi = A"2(aot, oqi, ati), Oti = A'3(aot, api, ati), 

where Xi, X2, Xt, are polynomials of degree 2 in aot,aoi,ati, which transform the 
cubic surface (1.5) with given parameters cuot, (^oIt '-^ti to a cubic surface of the same 
form with parameters cjgt, Wqij ^^ti belong to the following list: 
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Transformation mapping the cubic surface (1.5) with parameters wot — 
LdQi — to the cubic surface (1.5) with parameters ujQt = 2wti, Wqi = a;oo+4, 
wti = 2ujti, Woo = t^ti + 2woo + 4; 

(aot,aoi,ati) ^ (t^ti - aotooi - ati,2 - aoi,ati) 



Transformation mapping the cubic surface (1.5) with parameters wot 
woi = Wit = to the cubic surface (1.5) with parameters Cjqi — ^oi 
u)ti = 2ujoo + 8, Woo = w^ + 12woo + 8; 

(aot,aoi,aii) i-> (2 - apj, 2 - Aqi, 2 - a^i). 

The transformation mapping the cubic surface with parameters wot = Wqi 
0, Woo = ^4 to itself: 

{aoti ooi, Ofi) (— aot — aoiQ-ti, — aoi — aotOti, — Oti — aoiiot)- 



The proof of this theorem is based on the properties of the Poisson brackets ( 2.2 ) 
on the monodromy manifold, aided by some geometric insights and use of computer 
algebra. 

The next set of results of this paper concerns the interpretation of each element 
in the list of Theorem 11.11 in terms of Painleve six transformations. We show that 
the first item in the list corresponds to a quadratic transformation, the second 
one corresponds to a quartic transformation, while the last item is a new cubic 
transformation of the Picard case of the sixth Painleve equation. 

Let us explain these results in more detail. 

We start from the quadratic transformations. Recall that quadratic transforma- 
tions apply to the sixth Painleve equation with restricted parameters. Here is the 
list of quadratic transformations that appeared in the literature: 



(1.7) 


Kitaev [H]: 


(5, ^tj ^1, ±5) {di,0t,0i,9t) , 


(1.8) 


Manin [H]: 


{0,,euO,,et + i) ^ (201,0,0,204 + 1 


(1.9) 


R.G.T. [24]: 


(0i,0t,0t,0i + l)^ (O,20i,20t,l), 


(1.10) 


T.O.S. [57]: 


{0i,dt,9t,ei + l) ^ (0,20^,0,201 + 1 



where R.G.T. is the abbreviation of Ramani, Grammaticos and Tamizhami, while 
T.O.S. is the abbreviation of Tsuda, Okamoto and Sakai. These transformations 
are all related among each other by Okamoto's birational transformations. (The 
fact that the last three are related by Okamoto symmetries is very easy to prove, 
the equivalence between the first one and the last three is a little more tricky and 
was carried out explicitly in 12 ). Here we recall the explicit formula of the simplest 
(in our view), which is the T.O.S..: 

(1.11) (.(t),t)^(.mt), 

Note that the variable t changes under this transformation. We prove the following: 

Theorem 1.2. The Tsuda- Okamoto-Sakai transformation ( l.l(Jj^ acts on the vector 
a as follows: 

a = {ao,at,at,-ao,aot,aoi,ati) 

^ a = (2,at - 2, 2, 2 - Aq, flfi, 2 - ftQ^, - Oq - aotaoi - an). 
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Let US now concentrate on the quartic transformations. All quartic transforma- 
tions known so far are related by Okamoto's birational canonical transformations 
to the folding transformation 7/;^ ^ due to Tsuda, Okamoto and Sakai [27] : 

^'(^j: PVI{^,d,^,d + 1) FF/(0, 0, 0, 4i? + 1) 

{q,t) {q,t) 



where t = t and 



Aq{q-l){q-ty 



We prove the following: 

Theorem 1.3. The folding transformation acts on a as follows: 
(1.12) 

a= (ao,ao,ao,-ao,aot,aoi,ati) -s- a = (2, 2, 2, - 2 -Oq, 2 - a^j, 2- Cqj, 2- aj^). 

This theorem can be proved as a Corollary of Theorem |1.2| by choosing the 
parameters 9t and ^lin (1.10) in such a way that we can apply two quadratic 
transformations - up to Okamoto's birational canonical transformations. Here, we 
present a more forthright proof following Kitaev's [17' approach of constructing 
a direct RS-pullback transformation on the isomonodromic Fuchsian system and 
deducing the transformation on the monodromy matrices (see Section |4]). 

The reason for publishing this proof is that the transformation a^j — >■ 2— of^ holds 
true in a much more general setting and was used in ^ to show that the algebra 
of geodesic-length-functions on a disk with n orbifold points coincides with the 
Dubrovin-Ugaglia algebra [^F of the Stokes data appearing in Frobenius Manifold 
theory. Another advantage of this proof is that it gives a direct RS-transformation 
for the quartic Painleve VI transformation, simpler than a composition of two 
Kitaev's RS-transformations. 

Picard's case of the sixth Painleve equation is giv en b y 9q — 6t — 0i ^ 0, 
doo — 1, or equivalently, a = (3 ^ j = 0,S = ^in (1.1). In this special case, 
two quadratic transformations can be composed in an alternative way to produce 
a degree 4 transformation. 

Proposition 1.4. If q{t) is a solution of Picard's case of the sixth Painleve equa- 
tion, then q (Tj with 

jVi+l)' q{q + Vtf {Vi+l)' 

(g-l)(<Z-^)(g-^/^)2' (Vt-i)' 
is a solution of the same Painleve equation as well. 

As is known, Hitchin's case Oq = 9t ^ Oi ~ doo = 5 of the sixth Painleve 
equation is an Okamoto transformation of Picard's case. But the corresponding 
quadratic and quadric transformations are more complicated for Hitchin's case; see 
Proposition |3.1| to get an impression. 

The last item in the list of Theorem |1.1| gives a new cubic transformation of the 
same Picard case. 

Theorem 1.5. Let us parameterise the independent variable t Cz C in terms of a 
new independent variable s Cz C by imposing 

_ s^{s + 2) 
~ 2s + 1 
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then the transformation (g, t) i— > {q, t) 

~ s(s + 2)3 ^ g(g + s(5 + 2))2 



(2s + 1)3' ^ ((2s + l)5 + s2)2 

preserves the Picard case a^/3 = j = 0,d=^ of the sixth Painleve equation. 

Note that the i-variable changes under this transformation, similarly as in Ki- 
taev's (etc) quadratic transformation. 

This theorem is proved using the explicit form of Picard's solutions of PVI in 
terms of the Weierstrass p-function (Section [5]) . In fact, we prove that the action 
of the cubic transformation on the PVI solution q{t) coincides with an isogeny of 
degree 3 of the underlying Legendre's elliptic curves: 

=q[q-l)[q^t). 

More precisely, we recall that an elliptic curve is a smooth, projective algebraic 
curve of genus one, on which there is a specified point O ^26j. Points on the elliptic 
curve have a structure of an abelian group (isomorphic to the Jacobian variety 
of the genus 1 curve), and O is assigned to be the neutral element of the group. 
An isogeny between elliptic curves is an morphism between the genus 1 curves 
that identifies the identity elements, and is therefore a group homomorphism. The 
cubic isogeny is a group homomorphism with the kernel isomorphic to Z/3Z. The 
transformation between t and t identifies the generic family of Legendre elliptic 
curves connected by a cubic isogeny. Over C, the period lattices of the isogenous 
curves are sublattices of each other (of index 3) up to homothety. The action on 
the PVI solution of the cubic transformation coincides with the action of the cubic 
isogeny on the g-coordinate of the Legendre curve. 

It is clear that isogenics of any degree will act in the similar way. For example the 
quadratic transformations applied to Picard's case correspond to degree 2 isogenics, 
and the quadric transformation ip^yj corresponds to multiplication by 2 map on the 



elliptic curves. The quartic transformation of Proposition [L4] corresponds to degree 
4 isogenics that are not multiplication by 2 maps. 

More generally, an isogeny of degree n of Legendre's elliptic curve will produce 
a polynomial transformation of the monodromy data (apt, aoi, ctti) on the Markov 
cubic: 

C[aot,aoi,aii]/(agt + al^ + a^^^ + aataoian -4). 

We conjecture that, apart from higher order isogenics, our list in Theorem |1.1| 
is complete, without restricting the order of the polynomials Xi^X2,X^. This 
conjecture is suggested by the fact that as we go down the list, the parameters for 
which the transformations are defined become more and more specialised: for the 
quadratic transformations on needs to fix two parameters, for the quartic one three, 
for the cubic all four parameters need to be fixed. 

This paper is organised as follows: in Section [2] we prove our classification the- 
orem. In Section |3] we prove Theorem |1.2| In Section [4] we deal with the quartic 
transformation. In Section [5] we discuss the Picard case of PVI and prove Theorem 



1.5 In Appendix A we remind a few facts about the isomonodromic deformation 
problem associated to the sixth Painleve equation and the monodromy manifold. 
In Appendix B we recall Okamoto's birational transformations and their action on 
the monodromy manifold. 
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2. Classification of quadratic transformations on the monodromy 

manifold 

In this section we prove theorem The proof relies heavily on some properties 



of the Poisson structure (2.2) on the monodromy manifold, which we recall in the 
next subsection. 

2.1. Poisson structure on the monodromy manifold. Given any polynomial 
C G C[aot, flQi, flti], the following formulae define a Poisson bracket on C[aot, aoi, an]: 

dC dC dC 

(2.1) {aof,am}^- — , {aoi,ati} = - — , {ati,aot} = ^ , 

dflfi daot daoi 

and C itself is a central element for this bracket, so that the quotient space 

Q := C[aot, aoi, flti]/ (c=o) 
inherits the Poisson algebra structure [5]. In the case of the cubic Q defined by 



(1.5), the natural Poisson brackets in the Painleve six monodromy manifold are 
given by 

{aot. Oil} — aotati + 2aoi — wqi, 
(2.2) {flti, aoi} = fltifloi + 2aot - Wot, 

{aoi, flot} = flotaoi + 2ati - loh. 



Therefore, any polynomial transformation (1.5) of the form 



Got — Ai(aot, aoi, ati), aoi — A2(aot, agi, Ofi), oti — A3(aot, floij a^i), 

which preserves the monodromy manifold must also preserve the Poisson structure 
( |2.2[ ) up to a constant factor. This fact plays a key role in the proof of Theorem 

2.2. Proof of Theorem First of all, since we wish to classify all transforma- 



tions up to birational automorphisms of the cubic ( 1.5 ), to simplify notations we call 
the variables aoi,aot,ait by a;i,a;2,X3, and analogously the constants ajoi,wotj'^it 
are called mo, ui, U2, U3 while the new cjoi, 'i'of , wit are called wi, ^2, W3. In these new 



notations, the monodromy manifold (1.5) is defined by the polynomial 

(2.3) C — x\ + x\ + x\ + X1X2X3 — uixi — U2X2 — U3X3 + uq. 
We are looking for the quadratic transformations of the general form: 

Ai ==?yia-i + 772X12:2 + 773X2 + 774x1x3 + 7/5X2X3 + 776X3 
+ 777X1 + 7/8X2 + 779X3 + 770, 

A2 ^Kixl + K2X1X2 + K3X2 + K4X1X3 + ^5X2X3 + K6X3-I- 

(2.4) + K7X1 + K8X2 + K9X3 + kq, 

^3. =ClXi + 62^12^2 + 62^2 + $4X1X3 + C5X2X3 + $6X3 
+ C7X1 + $8X2 + $9X3 + $0 
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where riQ,r]i, . . . ,r]Q, kq, ki, . . . , Kg are constants, that transform the Poisson bracket 

{xi,X2} = X1X2 + - U3, 

(2.5) {x2,X3} = X2a;3 + 2x1 - ui, 

{X3, Xi} = X1X3 + 2X2 - U2 

on the cubic surface C = 0, to the Poisson bracket: 

(2.6) {Xi, X2}- if (X1X2 + 2X3-^3), 

(2.7) {X2,X3} = KiX2X3 + 2Xi-vi), 

(2.8) {X3,Xi} = K{XiX3 + 2X2-V2) 
with K ^0. 

Let us introduce the fohowing polynomials of degree 4: 
^ dXi 8X2 



El -^^{x,,x,}^K{XiX2 + 2X3-V3), 

^3:- E a^a^{^-^^>-^(M3 + 2X2-.2), 



where Xi,X2,X3 are given by (|2.4p. These three polynomials must be identically 




zero functions on the cubic ( |2.3| 

A polynomial in C[xi, X2, X3] is zero on the cubic (2.3) if and only if it is a 
polynomial multiple of C. Alternatively, its normal form with respect to a Grobner 
basis (consisting only of the polynomial C) must have all its coefBcients equal to 
zero. To recognise zero functions we thus must divide in C[xi,X2,X3] by C with 
respect to a term order. Division with respect to a total degree order (or most 
generally, with xyz as the leading term) has the following geometric interpretation. 
The cubic (2.31 intersects the infinity of P'^ at the three lines: 

(2.9) ii : xi = 0, L2:x2^ 0, L3 : X3 ^ 0. 
These lines intersect each other at the 3 infinite points: 

(2.10) Pi:x2 = X3 = 0, P2:xi=X3 = 0, P3 : xi ^ X2 ^ 0- 

The highest degree terms of a polynomial / G C[xi, a;2, 2^3] that are not divisible 
by xyz determine the restrictions of / onto the lines Li, L2, L3. Particularly, the 
terms with xf,X2, Xg with d — deg / give the values of / at Pi, P21 -fs- 

Typically, we reduce polynomial functions / on C of degree 4. The first steps of 
our division process are: 

• Step P4: we require that the values of / at the points Pi, P2, ^3 to be zero; 

• Step L4: we require that the restrictions of / to the lines Lo,Li,L2 must 
zero functions; 

• Step D4: we reduce the degree of / by 1 with a single division as all highest 
degree terms are divisible by xyz. 
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After performing these three steps, the degree of / is reduced to (at most) 3. To 
reduce / further to a quadratic or hnear polynomial, we repeat the same three 
steps as described, but refer to them as P3, L3, D3, respectively, to stress that the 
highest degree is 3. 

We want to produce a classification up to the following symmetries: 

(51) the cyclic permutations of (a;i, 2:2, X3); 

(52) an odd permutation of {xi, X2, x^) combined with an odd permutation of 

{Xi,X2, X3); 

(53) an odd permutation of {xi,X2,X3) or an odd permutation of {Xi, X2, X3), 
(in this case the sign of K changes); 

(Sii) the sign change of two variables within {xi,X2,X3} or {Xi, X2, X3}. 

Here are the basic facts that help us to simplify our classification search. 

Lemma 2.1. If two of the Xj 's are linear then (Xi, X2, X3) is either a permutation 
of {xi, X2, X3) or a braid group transformation. 



Proof. Let us assume that Xi,X2 are linear. We can express X3 using (2.6). Then 
([Ijji-Q become 

(2.11) {{Xi,X2}, X2} = {XiXi - 4X1 - V3X2 + 2wi) , 

(2.12) {Xi,{Xi,X2}} = {XIX2 - V3X1 - AX2 + 2v2) . 

Since the left-hand sides here do not have the x\,x\,x\ terms, the coefficients 
r]TKj = rjsKs = '79^9 must be 0. We assume that two linear coefficients of Xi are 
zero, say rjs = r/g = 0. Then 7/7 7^ 0, K7 = 0, and (2.121 has the terms 

{K'^ - l)r]'^xl{KsX2 + KgXs) + K'^rjjUQxl + 2K'^i!]qXi{k^X2 + ^92:3) + • ■ • , 

and no xyz term. Since we do not want both Kg, K9 to be zero, we have K = ±1 
and rjQ = kq = 0. We adjust the ( |2.11[ ) with tj^k^kqC to kill the xyz term, and 
get the coefficient to x"^ equal to {K"' + 2)r]'/KsKg. Hence ns^g = 0, and Xi,X2 are 
symmetric. We use this symmetry to assume K ^ 1, and then Kg = leads to the 
displayed braid group transformation with (fi,W2,W3) — (ui,U3,U2), while Kg = 
leads to the identity transformation. □ 

Lemma 2.2. Let us consider the matrix 

(2.13) Ml = 




• In any column of the matrix Mi there is at most one non-zero entry. 

• In any row of the matrix Mi there is at most one non-zero entry. 

Proof. Step P4 gives the following terms of degree 4 in each variable Xi,X2,X3 of 
Ei,E2, E3: 

El = KrjiKixf -\- Kri3K3X2 -\- Rrj^n^x^ -t- . . . , 

E2 = KkiS^iXi + Kks^sxI -\- Xk6^62^3 + ■ • • , 

E3 = Krji^ixt + Kr^^i^xl + Kri^iext + ■■■■ 
The displayed coefficients must be zero, and the first claim follows. 
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To show the last statement, let us assume by contradiction that two entries in 
the first row are non-zero, rji 7^ 0, 773 7^ 0. Therefore = K3 = ^1 = ^3 = by the 
first statement. Here are some relevant terms for Step L4: 

El ={K + 2)773K2a;ia;^ + [K + 2)r]iKixlx'i + {K-q^Ki + [K + A)'qiKQ)xlxl 

+ {K - 2)riiK2x\x2 + (p - 2)ri'iK^x\xz + . . . , 
£^3 HK + 'i)mi2xlx2 + {K + 2)Tj3iBxlx3 + {Kr]5^5 + {K + ^)m^e)xlxl 

+ {K~ 2)r]3^2Xixl + {K- 2)r]iUxlx3 + .... 

We still have the freedom of permuting X2,X3, so we assume di{K) > 0. Then we 
immediately have K2 — = ^2 = S,5 = 0, and then /tg = = 0. li K 2, then 
K5 = 1^4 = and X2, X3 are linear in xi,X2, X3 thus leading to the contradiction that 
Vi'Vs — 0- Hence K = 2. Then E2 — ^5^4X3(7 is of degree 3, and the coefficient 
to X3 is K5^4. The variables ^5,^4 are still symmetric by (82), so we assume 
K5 7^ 0, ^4 = 0. Now £'3 is ready for Step P3: it has the terms 2K5a;2X§(?75X2+2776a;3), 
giving ?75 = ?76 = 0- We now perform Step 1 on £3: 

£3 = 2771^72;? + 2773^82^2 + 477362^22^3 + • • • • 

Hence £,7 = — £,9 — 0, and ^^^3 reduces to a trivial constant, which is not 
allowed. □ 

Up to the symmetries, we can assume that all non-zero entries of Mi lie on the 
main diagonal. Lemma |2.2| then sets ''73 = 7?6 = 'ti = = = 6 = 0, and the 
polynomials Ei, E2, £3 are ready for Step L4: 

El ={K + 2)(riiKixlx3 + ri^K3x\xz) + {K - 2){riiHi2x\x2 + musXixl) 

+ K{r]4K4xlxl + rj^K^xlxl) + {Kr]2H2 + [K — 4)r7iK3)a;ia;2 + . . . , 

(2.14) 

E2 ={K + 2)(n3£^2Xixl + K4'?6a;ia;3) + [K - 2)[k3£,^x\x3 + ^56x2X3) 
+ K{k2£,2x\xI + K4C4a;ia;3) -I- (Kk^^^ + {K ~ 4)K36)a;22;3 -I- . . . , 

£3 ={K + 2){r]i£2xlx2 + ^5^6X2x1) + iK^ 2){iji£4xlx3 + m£.exixl) 

+ K{ri2(,2xlxl + T]5£,5xlxl) (if 774^4 ^{K- 'i)r]iiQ)xlxl + 

We split the proof into a few cases, and indicate a computational path to the results 
of Theorem 11.11 

2.2.1. At least two entries of Mi are non-zero. We assume here that 7;iK3 7^ 0, but 
nothing immediately about 6. We distinguish the following cases: 

• K = —2 from Ei we have r]2 = K2 = 0. 
But then {K — 4)771^3 = 0, a contradiction. 

• K ^2 =^ = K4 = 0, 772K2 = 771K3 7^ by El. 

• if 7^ ±2 =^ 772 = 775 = K2 = K4 = 0, if = 4 by El, 
and £2 ^£.4 =£.5 = 0, 7/4^ = Kg^e = by E2, E3. 

In the second subcase, it is enough to work with Ei to reach a contradiction. 
Particularly, Steps D4 and P3 give 

774^5=0, 277i(k5 - K7) = 774K2, 2^3(774 - 778) = 772K5. 

The variables 774, K5 are still symmetric by (S3), so we assume K5 = 0. At Step P3 
we consider Ei — r]4{K2Xi + 2k3X2)C — —Qri4K3X2x\ + . . ., hence = 7^4 = K7 = 7/g. 
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Still at Step P3, we conclude — = ?77, r]9 = V2, kq ~ K2. But Step D3 gives 
El + Ar/iK^C = 6771^3X3 + . . ., contradicting r/iK^ 7^ 0. 
In the last subcase, Step D4 gives 

E2 =4:K3^sxl + 4K9^6a;3 + (S'^sCs + 2K3^9)a;2a;3 

E3 =4?7iC7X? + 4:T]Q^exl + (5774^7 + 2r]i^Q)xlx3 

+ (2777^6 + 3r/4^9)xiX3 + 2^6(3r/8 - 2ju)x2xI + .... 

Step P3 gives £,7 — — 0, and then Step L3 sets ^9 = 0. We have to assume 0, 
as otherwise X3 is a constant. Therefore 774 = K5 = 0, and then = kq — Kg — kj 
and = 7^9 = ?77 = rjs- There are no linear terms in the Xj(a;i, X2, a;3)'s thus. In 
Step D3 we compute the expressions £'1+8771^36', i?2 + 8K3^6C -£'3 + 8771^6 C'- Their 
coefficients give the equations 

Ml = W2 = 7i3 = 0, 7/0 = -2771, Ko = -2k3, ^0 = -2^6, 

Vl + l^3£,6 = 0, K3+ 771^6 = 0, ^6 + »/lK3 = 0, 

etc. This already implies that 771,^3,^6 S {li"!} ^-i^d Vi^^s^e = ^1- Up to the 
symmetries, we have t/i = K3 = = — 1, ^70 = '*o = Co = 2 and eventually 
vi — V2 — V3 — 2uq + 8. We get the second transformation of Theorem 

2.2.2. One non-zero entry o/Mi. Here we assume that t/i 7^ and all the other 
entries of Mi equal to zero. 

If K2 = K4 = ^2 = ^4 = 0, then we assume K5 7^ since we want X2 or X3 
to have a quadratic term by Lemma |2.1[ Then 775 = ^5 = 0, and we can assume 
Re K >0. Step D4 reduces Ei to 

- (p - 3)772^5X2 - {p + 3)774K5a;3 + ((p + 1)7;4K9 - (p + 4)77iK5)2:2X3 + . . . . 

With the assumption Re X > 0, we have 774 = and then 7/1 K5 = 0, contradictorily. 

Therefore we assume that at least one of the variables K2, ^4, £2,^.4 is non-zero. 
These variables are symmetric by (S3) and (S4), so we assume K2 7^ 0. Then from 
(2.141 we have = 2, K4 = 7^2 = ^2 = 0, 774^4 — 0, and at most one of the variables 
^75 1 1^5 1^.5 can be non-zero. Step D4 reduces Ei,E2 to 

- 5r]5K2X2 - 5774K5X3 + (2771K7 - 2771 K5 + 774K2)a:i + K2(»77 - V5)x'ix2 + . . . , 

- 5k2£4xI + K2C5XI + K^Uxl + 3^2(^7 - £5)xlx2 + ^2(^8 - U)xixl + 

Hence 775 = 777 = 0, ■^4=^5=^7 = ^8 = 0- We still have cubic terms left in 
El - ((27/1 K5 + mi^2)xi + 3^41^5X3)0 = 

- 5774K5X3 + ^5(778 - ?74)a;2a;3 + 3779K5X2a;3 -I- (27/1K5 + 3(7/8 - r]4:)n2)xixl + ... 

and E2 = K5S,qX2X^ -)-.... If K5 7^ 0, then 774 = 7/8 = 7/9 = ^9 = 0, yet the coefficient 
to ^1X2 contradicts 7/1K5 = 0. Therefore K5 = 0, 778 = 774. Step D3 gives 

E2 - 2K2C9C =4(7/1 - '^2^9)2;? + 2^9(^9 - K2)a;3 + 2^2^02^1X2 + Ks^gXiXs 
+ {4ri4 + 3K7£g)xiX3 + 

Hence ^9 7^ 0, 7/1 = ^2^9, K9 = «2, Co = ^8 = 0. Then 

E3 = 774^9X1X3 + 2779^9X3 - 4^2(^9 - l)a;iX2 + .... 
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This gives 774 — K7 = 779 = 0, ^9 = ±1. We may assume ^9 = 1 by symmetry 
(S5). Then we have only Unear terms left from E2, E^, and conclude ui = U2 — 0, 
kq = —K2U3, riQ = — 2k2- After this Ei = 4(1 — K|)a;3 + Ak\u^ — 2vz- We can take 
K2 = —1 still by symmetry (S5), and finalize vi = uq + 4, V2 = 2u3, W3 = 2u^. We 
get the first transformation {xi,X2, x^) 1-^ (2 — x\,u^ — 2:3 — X1X2, x^) of Theorem 
1.1 from the cubic ccf + + a;§ + X1X2X3 — U3X3 + uq = to the cubic 
xf + X2+x'^+ X1X2X3 — {uq + 4)xi — 2M3a;2 — 2^3X3 + Ug + 2uq + 4 = 0. 

2.2.3. Ml is the zero matrix. Only the quartic terms of Ei,E2,E^ with the factor 
K in (2.14) are non-zero. We conclude the matrix 

/ '72 V4 V5 
M2 = K2 K4 K5 

V 6 U ?5 

can have at most one non-zero entry in each column. We want at least two rows 
of AI2 to be non-zero. By symmetries, we assume that 775 ^ 0, K4 ^ 0. Therefore 
?74 = K5 = ^4 = ^5 = 0. Step D4 reduces El to 

-{K + 3)r]2K4xl - {K + 3)775^2X2 + (3 - K)tj5K4xI + .... 

From here, p — 3 and 772 = K2 = 0. For Step L3 we have: 

El — 2ri^KiX'iC — 2r]gK4Xixl + 2r]5KgX2xl + 4^4(777 — 775)xia;3 -I- 47;5(k8 — Ki)xlx3 + 

E2 - 2k4^2XiC = 2k-jS^2x\x2 + 2K4^7a;ia;3 -I- 4^2('«8 - K4)xix\ + 4^4(^9 - ^2)a;ia;3 -f . 

- 2r]5£,2X2C = 2rifi£,2Xixl + 2T]r,^sxlx3 + 4^2 (?77 - V5)xlx2 + 4775(^9 - £,2)x2xl + . . 

This gives T]g = K9 = ^7 = = 0, 777 = 7^5, Kg = K4, ^9 = ^2- Step D3 reduces Ei 
to the quadratic expression 

-brjsK^xj - brj^Kjxl + {r]^K,iUz ~ rjsn^ ~ V5K7)xl + 2(3i^2 + 3775K4 + 2ri8Hi)xiX2 + ■ ■ . 

We conclude rjs = K7 = = 0, ^2 = ^ '75^4. Further we have 

El - 2r]5K4X3C = 3^4(770 + 775Ui)xia:3 + 3775(^0 -l- K4M2)a;2a;3 + . . . , 

E2 -~ 2k4^2XiC = -rj^nluixl + 3K4^oa;ia;3 - Qv^ii-^i ~ l)a;2a;3 + ■ • ■ , 

Ez - 2r]5^2X2C = -77|K4U2a::2 + 3775^02^22:3 - 6k4(7/| - l)a;ia;3 -f . . . . 

Therefore ui = U2 = ??o = = Co = and 775 — ±1, K4 = ±1. By symmetry (S5) 
we may assume 775 = K4 = — 1, then ^2 = — 1 as well. The remaining coefficients 
give Wo = —4 and vi = V2 = V3 = 0. We get the thir d tra nsformation a;2, X3) 1— >■ 
{~xi — X2X3, —X2 — X1X3, —X3 — X1X2) of Theorem |l.l[ on the cubic surface xf + 
X2+x1+ X1X2X3 — 4. This concludes the proof of Theorem |l.l[ 

3. KiTAEV'S QUADRATIC TRANSFORMATION ON THE MONODROMY MANIFOLD 

In this section we prove Theorem|1.2[ Actually, we prove that Kitaev's quadratic 



transformation (1.7) acts on a as follows: 

a = (0, at, ai, 0, oot, aoi,ati) a = {ai,at, ai,at, atai - aotaoi - a^, 2 - ali,ati). 



This is equivalent to Theorem |1.2| thanks to Okamoto birational transformations 
recalled in Appendix |A.1[ In fact 

SpSoSiStSpStrt (5, 6*4, 6*1, i) = {9i,9t,9t,0i + 1), 
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and ^ ^ 

S2S4.S3S2SiSariSpSooidi,0t,9i,0t) = (0, 26'f , 0, 26*1 + 1), 

where 

Observe that three of the quadratic transformations, namely Manin's, R.G.T. 
and T.O.S., act rather nicely on {q,t). However, explicit expression for Kitaev's 
transformation involves either the derivative of q{t) or the conjugate momentum 
p{t). In [29], variations of Kitaev's transformations are formulated in terms of an 
Okamoto transformation of q{t). Here is a formulation in the same vein. 



Proposition 3.1. Suppose thatYo{T) is a solution of PVI{l/2,b, a, 1/2). Let us 

L—b a—b a-\-b-\ 
2 ' 2 ' 2 



denote Yi{T) = SpSooSiStYoiT), which is a solution PVI ( ^^±^ ^ ^ q+b+3^ 



Then yo{t) is a solution of PVI{a^b,a,b), where 

(Yi + VT) ((a - 6)^0^1 - (a + b)VTYo + 2ax/T Yi) ^ ^^2 

Vo — ^ 1 ^ ^ ^ ■ 

AVTYi{aYi-bYo) 



Proof. This is the inverse statement of [IS] Theorem 2.3]. In the notation of that 
theorem, Yi = -ft'[i/2,-o,-6,3/2]^o- Note that the argument order Pvi{0Q,0i,6t,0ao) 
rather than PVI{eo',0t',0i,9ao) is used in [29]. □ 

Despite the complicated nature of Kitaev' quadratic transformation, its huge 
merit is that it is realised on the Fuchsian system as the composition of a rational 
transformation of the auxiliary variable A and a gauge transformation 17 . Our 
proof heavily relies on this construction which we resume here, omitting all the 
details. 

We start from the initial Fuchsian system in the variable A with monodromy 
matrices Mq, Mt,Mi with respect to the basis of loops Fq, Ft, Fi, Foo satisfying the 
following ordering (see Figure 1): 

(3.1) FiF*Fo = F;,i. 

We then perform a rational transformation of the auxiliary variable A: 

(3.2) A = /i', 

so that the one obtains a new Fuchsian system in the form: 

. , d$ f2Ao At At Ai Ai \ 

(3.3) + + + ^ + ^ CO, 

where — t. Kitaev proves that now and oo are apparent singularities and elimi- 
nates them by a rational gauge transformation leading to the intermediate Fuchsian 
system with 4 poles, ±r, ±1. Then he performs a conformal transformation 

^.^ (A^ + l)(r + l) 
2{ii + t) ' 

mapping 

-1^0, 1^1, -T^cx), r^r:='^^^^^ 



4t 

and leading to the final Fuchsian system with 4 poles, 0, T, 1, oo: 
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Figure 1. The basis of loops in P^. 



Finally Kitaev proves that correspondingly the solutions q{t) of the sixth Painleve 
undergo a quadratic transformation (see formula (23) in [T7]). 

Our aim is to produce the corresponding transformation on the monodromy 
matrices, i.e. to express the monodromy matrices of the final Fuchsian system in 
terms of the initial ones. 

Let us concentrate on the first step: the rational transformation of the auxiliary 
parameter A. Let us choose a basis of loops in P^, according to the following 
ordering (see Figure 2): 

To draw the loops we use the fact that the preimage of the upper half-plane of 
¥\ consists of the first and third quadrants in P^. Following the four basic /^-paths 
through the quadrants allows us to draw their projections in P^ easily. The images 
— ±1, ±T, 0, oo in Pa, of the basic loops , i ~ ±1, ±t, 0, oo, in P^ under the 
double-covering (3.2 1 are: 

(3.5) 7i^ = ri, j^ = Ti 7o^ = r; 



0; 



00 ■ 



Note that the ordering of the two bases of loops are compatible, i.e. the images 
satisfy the relation: 



7iS^7o7-i7-r = (7^ 



provided that the basic loops FojrtjFi.Foo satisfy (3.11. 

Observe that since the rational gauge transformations do not affect the mon- 
odromy matrices, the second step of Kitaev procedure will not play act on the 
monodromy matrices. The third step, i.e. the conformal transformation, only af- 
fects the labelling of the loops, or equivalently of the monodromy matrices, so we 
can now deduce the final transformation on the monodromy matrices: 

(3.6) Mo = MoMiMq^, Mr^Mt, Mi ^ Mi, M^ ^ MoMtM^K 




Figure 2. Path transformation under the quadratic covering 
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Note that MoAftMiA/oo = 1 since = = -1. 

By using (3.6) it is straightforward to obtain the fohowing transformation on the 



monodromy manifold: 
(3.7) 

Uq — Qi, at — at, ai — ai, apt — ajai— aoffloi— Ofi, api — z— Aqj^, ati — an. 
By using Okamoto birational transformation, we conclude the proof of Theorem 

4. QuARTIC TRANSFORMATION ON THE MONODROMY MANIFOLD. 



In this section we prove Theorem |1.3| To simplify the computations, we deal 
with three different quartic transformations according to the following diagram: 



Py/(l?,l?,l?,l? + l) 
( 2 ' 2 ' 2 ' 



VI 



Pv I {0,0, 0,2600) 



Pvi {Qoo, Soo, Qoo, Oo 



where § 



-Py/ (1 — Qoo, 1 ~ ^00, 1 — Qoo, 1 — ^00) 

Soo _ 1 

2 4 ■ 

As shown in the diagram, these three transformations are all related by Okamoto 
birational transformations, each of them is "simpler" for a specific task: ■0^^ is the 
one which transforms the solutions of PVI most neatly, C is the one which is directly 
obtained by composing two Kitaev's transformations up to symmetries (we show in 
the next page that C, = (Tioo'Kitaev-crofKitaev), and C, will be the one which we build 
by a single pull-back transformations of the associated Fuchsian system (see end of 
this Section). Since according to 110] the transformations Sqo and Sp act as identity 
on the monodromy manifold, we can deduce that these three transformations act 
on the monodromy manifold in the same way. 

Remark 4.1. Note that the most direct transformation obtained composing two 
Kitaev's quadratic transformations without the use of Okamoto symmetries is given 
by Pvi - 9ao,\,\) -> ^'y/ (1-6*00, 1-6*00, 1 - 6*00, 1 - 6*00) • However, this trans- 
formation requires a renormalization of the target Fuchsian system. 

Let us recall the formulae for the transformation il)y\ [37]: 



with 



Aq{q 
Aq{q 



ty 

t) [Aq{q 



l){q - t)p - {46^+ i)(g(g - 1) + q{q - t) + {q - l){q - t))] 



{q^ ~t){q^ -2q + t){q^ -2qt + t) 
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In order to keep track of these transformations, we use the following notation: 
{q, p) - a solution of Pyi (i?, i?, i?, i?) for = i 



2 4' 



2° 4 ' 



= ,/,(^](p,g,t) - a solution of Py/ (0,0,0, 4i?- 1) for I? 
{y,p) ^ SooSp{q,p) ~ a solution of Py/ (i, i, 6*00), 
{y,p) = SooSp{q,p) - a solution of Py/ (1 - 6*00, 1 - 6*00, 1 - 6*00, 1 - 6*00) , 
{y,p) = s {q, p) - a. solution of Pyi (^oo, ^'oo, 6^00, 6*00) • 

Then we have 

/ 3 ()oo\ 1 _ _ 1 — ^00 ^ ~ ^00 

V4 2 y p p p 

Let us now see how to construct (^{y^p) — {y,p)- Let us fix the parameters 
of the Painleve sixth equation in such a way that we can apply Kitaev's quadratic 
transformation twice (up to birational canonical transformations) : — = ^1 — 5 
and keep ^oo arbitrary. This in particular means that 

Afg = Ml = -1, so that Moo = -MiMtM^. 

On the level of the monodromy matrices we proceed as follows: 

(Mo, Mt,Mi,Moo) (Mo, Mt,-Moo,-M~^M,Moo) 

Kitacv 

> {-MoMooM-\Mt,-Moo,M„MtM-^) 

> {Mt, -M^^MaMooM^Hlu -M^o, M^MtM^^) 

Kitaov 111 1 

> {~MtMooMi\-M^^MoMooMo^Mt, -M^o, -M^M^oM^^) 

= {-MtMooMt-\MtMoMi,MiMtMo, M^M^Mt). 

This corresponds to 

(ao,at,ai,aoo,aot,aoi,ati) = (0, 0, 0, Ooo, oot, an, aio) 

^ ( Ooo 1 Ooo J loo J Ooo j2 itij2 aoi,2 ^of ) j 



which leads to (1.12) by Okamoto birational transformations. 

To show that this is the desired transformation, we need to prove that C acts on 
{p, q) as SooSpSoo'0y/SpSoo, i-e. we need to prove the following formulae in terms of 

{y-,p)- 

(4-1) y = ir-r^ P 



4pL5 P1P4 

V 2 



where ii = (py + - tp\ L2 = {py + [py ~ ^-^) - tp\ 

Lz = {py+^^) {py-p+^^) {py-tp+^^), 
L4 = {{py P + + {t~ ly ) ^{py -tp+ '-i^f tit ly) , 

L5 = {py - '-f) {py + ^^f-p (t + l){py - I) {py + + tp^ {py + ^) . 

In order to prove the same formulae from puUback transformation, we are go- 
ing to build the quartic transformation ^ on the PVI directly as a rational-pull- 
back transformations of the corresponding Fuchsian system, i.e. by a unique RS- 
transformation rather than the composition of two of them. The transformation 
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rule CiUiP) — iilTp) is rather less pretty than (4.1): 



y 



where 



L, = y{py + ^)'- it + l){py + ^) {pq + '-^tpipy + 

+t{t + l)p2 [py _ ^i^) [py + ^i^) _ pH-^ [py - 



The transformation C, is realised as the composition of a rational transformation R 
of the auxiliary variable A and a gauge transformation S. 
The rational transformation is given by: 

note that i? has the same form as the folding transformation t/i^^j on q. This maps 
the initial Fuchsian system to a new Fuchsian system 

(4.2) 



d$ f Aoo Aoo , 2Aa , 2Ao 



d/i \/i /i — t 1 — ei p- — €2 

2At 2At 2Ai 2Ai , 



/i-es /x^e4 p~e5 M-ee, 

where ei, . . . , eg are the roots of the following quadratic equations 

ef-i = 0, 1 = 1,2, 

ef - 2s, + i = 0, i = 3, 4, 
ef-2ts^+t^0 i = 5,6. 

It is worth observing that the above quadratic equations emerge as the numerators 
of i?, i? — 1 and R — t respectively: 

We now construct the gauge transformation by imposing that the apparent sin- 
gularities ei, . . . , eg have to be removed. This gauge transformation must have the 
form 

1 / Gi^2 

^{p^ - t){tl^ - 2/i + t){p^ - 2tp + t) V ^2,1 G2,2 

with Gi^i, Gi^2, G2,i, G2.2 polynomials in /i of degree 3, 2, 2, 3, respectively, because: 

• the local exponents 1/2 at the six apparent singularities must be shifted to 
0, hence the denominator; 

• the transformation matrix must be asymptotically the identity as p 00, 
since we keep the local exponents at = 00 the same as in A = 00; this 
gives the degree bounds. 

Besides, the local exponents —1/2 at the six singular points must be shifted to 
as well. 
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In order to carry out our computations it is better to parametrize the matrices 
Ao,Af,Ai as follows: 




(4.3) Ak{X) = -\ 0k+uk ^. I for /ee {0,1,0, 
where 

A\ ^1 k{q-l) k{q-t) 

(4.4) Wo = -7- wi = -r-r- wt - 



t{uo-eo)' ' (i-o(wi-^i)' ' t{t-i){ut-et)' 



and 



^ 1 f s^-20^ts-0ltq{q~t-l) 2 /lft-l)g Ot{t-l)q 
I t{q-l){q-t) tiq-1) q-t 

1 (s^-2e^qs + el,tq{q-t+l) , elt{q - I) , O^^tiq - I) 



2000 V {l~t)q{q-t) 1 {t-l)q q-t 

1 f s^-20^tqs + 0ltqiq + t-l) ^2 , Olil - t) , 0l{q - t) 
^« = TZ; 7^ — 7 7^ ''t + ^ 7^ r 



2^00 V t{t-l)q{q-l) * (t-l)(z f(g-l) 

(4.5) 

where 

s = eo{q - l){q -t) + 0iq{q - t) + {0t - 6oo)q{q - 1) + O^tq - 2q{q - l){q - t)p. 

Here we have replaced p by the parameter s which gives an attractive parametriza- 
tion of the particular tracclcss normalization of the 2x2 Fuchsian system because 
s = t{q- l)uo + {t- l)qui + 0oo- 

Note that in the above formulae for Ao,At,Ai, q denotes the generic solutions 
of PVI{0o, 01. 01- 0oo), so that for the initial Fuchsian system we need to replace q 
by y and {0Q,0t,0i,0oo) by {\,\,\,0oo) and for the final Fuchsian system we need 
to replace g by ^ and {6o,0t,0i,0oo) by (6'cx), ^00, ^00, ^oo)- 

The local solutions of the initial system (after R transformation and before gauge 
S) are: 

±_ ffwo 



\/A^ VV 1 

1 f f Wt 



0(A) j at A = 0, 
+ 0(A-1)) atA = l, 



+ 0(A -t)] at A = 



VA^ VV 1 

After a direct pull-back, the local solutions must be: 
1 f fwo 



0{ii^ — t)\ at /Lt = ±Vi, etc. 



To kill the local exponents —1/2, we must have 

divisible by fJ-^ — t, 



Gi.i 


Gl,2 \ 




G2,l 


G2,2 J 


VI 


Gi,i 


Gl,2 \ 




G2A 


G2,2 J 


(T 



divisible by fi^ — 2fi + t 
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Gi.i Gi,2 \ /Wt 

G2,i G2.2 / V 1 



divisible by /i^ — 2i/i + t. 



This gives exactly enough linear relations for the coefficients of Gi.i, Gi^2, ^2,1, 
G2,2 (as polynomials in /i) to determine the gauge matrix up to scalar multiples or 
rows. We obtain: 

Gi,i = (wo - wi){wq - wt){wi - wt)ii^ 

+ (wf(wo - Wi){wq + wi - 2wt)t - wi{w(i - wt){wo + wt- 2wi))n^ 

-(wq + wqWi + woWt - 3wiWt)iwi - wt)tn 

-{wt{wQ - wiYt - Wi{wq - Wt)'^)t, 
Gi^2 = iwt{wo-wi){woWt+wiWt-2woWi)t - wi{wo-Wt){woWi+wiWt-2woWt))fi'^ 

+2two{wi — Wt){woWt + wqWi — 2wiWt)n 

+ {wt{wQ - wiYt - wl{wo - WtY)t, 
G2,i = {{wq - wi){wa + wi ~ 2wt)t - {wq ~ Wt){wQ + Wt - 2wi))^^ 

-2t{wi - Wt){2wo ~wi~ wt)fi - {{wo - ■wi)^t - {wq - Wtf)t, 

G2,2 = (wq - Wi){wq - Wt){wi - Wt)ll^ 

+ {{wo~Wi){woWt+WiWt-2wQWi)t - {w,^-'Wt){wQWl+Wl'Wt-2'WQWt))^JL^ 

+t{wi - Wt)i3wl - WoWt - WqWi - wiwt)n 
+t{wt{wo - WiYt - wi(wo - Wtf). 

If we substitute in the formulae the expressions of wq, 1, Wt, woj ""ii given by 



formulae (4.4| and (4.51 the above expressions do not simplify. A check that this 
transformation actually gives rise to the desired transformation law on (p, q) is a 
straightforward but rather heavy computation. We have made a maple worksheet 
available; seejhttp:/ /www. math. kobe-u. ac.jp/~vidunas/PainleveQuartic. mw( 

We are now going to prove that the corresponding transformation on the mon- 



odromy manifold is given by formulae (1.12). Again, it is only the first transforma- 



tion A = -R(/i) which carries all the information because the gauge transformation 



does not affect the way monodromy matrices of the system (4.2 1 depend on the 
initial ones which are computed with respect to the basis of loops Fq, Fj, Fi shown 
in Figure 1. 

We use the same technique as in the proof of Theorem |1.2| we fix a basis of 
loops 7^, 7^, 7^ , 7f , 7^^ , . . . , 7^g in P,, such that (see Figure 3): 

(4.6) 7^7r7r7o^e^,,---,7e^e =1- 

We construct their images in the Pa as in Figure 3 by marking a great circle (or a 
line) through A = 0, and choosing z = 00 to be inside the shaded half-plane. 
We assume a base point to lie in the other half-plane. We mark the 6 branching 
points ei, . . . , 66 in the ^-plane by 0*, 1* or t* , depending on their images A = 0, 
A = 1 or A = t (Note that we do not draw the loops around ci, . . . , ee because those 
singularities are apparent). The pre- image of the circle segment in V\ between 1 and 
t must be a dessin d'enfant for the Belyi covering R{^i), which is (topologically) the 
circle in /i-plane with the marked points 1*, t* . After adding the pre- images 0* we 
obtain the pre images of the (shaded and white) half-planes of Pj^. Topologically, 
the pre-image of the circle in is an octahedral graph. The pre-images /j, = 0, 
/i = l,/i = t,/i = ooofA = ooliein the 4 different shaded regions on P^. The 
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images of the basis paths 7q , 7^ , 7^ , 7^ are obtained by following which segments 
between the 0*, 1*, t* points they cross. 
We see that: 

7o = ^t^^oo^t, It = rj^^rooFi, 7^ Too, 

so that 



Mo = M[- 1 Moo Mt , Mt = Mf 1 Moo Mi , = M, 



00 : 



from which we get (1.12). A. 

5. PiCARD CASE: PROOF OF THEOREM 11.51 



Here we prove Theorem |1. 5 1 We use the fact that the general solution of PVI in 
Picard case is given by 

q{t\Vi,V2) = p{viUJl{t) + U2U)2{t)]l^l{t),UJ2{t)) + 

where (i^i, V2) eC"^ are free parameters, and the half-periods wi,2(^) are two linearly 
independent solutions of the following hypergeometric equation: 

t(l - t)u:"{t) + (1 - 2t)w'(t) - iw(t) = 0. 

The free parameters vi, V2 are defined modulo 2 and are generically (i.e. for v\^V2 ^ 
0, 1) related to the monodromy data as follows [3D]: 

(5.1) flot = -2cos(7rz^2), ooi = -2 cos(7r(:/i - 1/2)), = -2cos(7r^i). 

Let us consider the third transformation of Theorem |1.1| on the monodromy mani- 
fold: 

(5.2) (aot, aoijflfi) ^ (-aot - aoiOti, -aoi - aotflfi, -flti - aoiaot)- 

The corresponding transformation on PVI must map Picard solutions to Picard 
solutions: 

p{vxLOY{i)+V2L02{i)\LOY{t),L^2(i)) + ^--^ ^ p( j>ia;i (t) +£^2^2 (?) ; Wl (t) , ILJ2 (*) ) + ^^^^ ' 



where, by using (|5.l|) and (| 5.2[ ): 

v\ \ f 1 —2 \ f 1^1 



V2 J \ 2 — 1 y \ 1^2 

which leads to an isogeny of degree three on the elliptic curve 

(5.3) =q{q-l){q-t). 

Producing generic isogenics of low degree is apparently a frequent routine for 
those working on elliptic curves. We computed a general form of a cubic isogeny 
between two elliptic curves in the Weiertstrass form using the Velu Theorem (see 
chapter 25 in [13]). Here are the elliptic curves and the isogeny. 

Ei: =y^ + 3a(a + 2b)y + a{3b'^ -a"^), 

(5.4) E2: =Y^ -3a{19a + 18b)Y ~ a{169a^ + 252ab + 81b^), 

12a{a + b){y + b) I2a{a + b){y + a + 2b)w 
Y^y^ 7 ^ ' W^w ^ , 

The parameters a, b are to be considered as a homogeneous pair. The points with 
y — a on El are rational points of order 3. 




Figure 3. Path transformation under the degree 4 covering 



22 



MARTA MAZZOCCO AND RAIMUNDAS VIDUNAS 



To derive the transformation between solutions of the Painleve sixth equation, 
we translate this isogeny to a transformation between the elliptic curves in the 



Legendre form, i.e. between the elliptic curve (5.3) and 
(5.5) =q{q-l){q-i). 

As a first step to achieve this, we have to parameterise y and b in such a way that 
the cubic polynomial on the right end side of Ei has a rational root yo, then shift 
this rational root to 0. We then repeat the procedure imposing a second rational 
root and shifting it to 1. 

The parameters a, b form a homogeneous pair, so we can put a — I without loss 
of generality. To find the correct parameterisation, we impose that the discriminant 
in b in equation 

2/3 + 3(1 + 26)y+ (36^-1) = 

is a perfect square when evaluated at yo. This leads to impose yo = 1 — m^/S and 
therefore b = m^/O + u^/S-I. By shifting y n- y + l-u^/3 and Y i-> Y+l + iu+iu^ 
the two elliptic curves and the isogeny between them become: 

E[: w^ = y(y^ + {3~u^)y+ ^ ^ 



3 

E'^: ^Y + 3(1 + 4u + u^)Y + 3u{u + 2f) , 

y{y-2u~u^f 4u^(l + lu){y + + ^u^) 

(y- 1^2)2 ' {y-lu^r 

Now we need to factorize the quadratic polynomial in E[, namely y'^ + {3 — u^)y + 
" ^^+2) _ rjij^g discriminant with respect to y is equal to — ^(m — l)(u + 3), and to 
make it a perfect square we substitute u i—?' 3s/{s'^ + s + 1). After the scalings 
y ^ -3(2s + l)y/(s2 + S + 1)2, Y ^ -3{2s + lfY/{s^ + s + if 
we get the new elliptic curves and the isogeny between them in the form: 

9 27(2s + 1)3 ^ ^ / s^(s + 2) 



(s2 + s + 1)6 " ' V 2s + 1 

E"- W'- ^7(2. + 1)^ / .(. + 2)3 

^2 ■ ^ - (,s2+s + l)6 (2s + l)3 

y_ yiy + s{s + 2)f 4s2(s + l)2((2s + 1)(52 + g + l)^ _ ^2(^2 ^ 3g ^ 

" ((2s + l)y + s2)2' ^ ((2s + l)2/ + s2)3 

At the last step, we get rid of the front factors (in s) of the cubic polynomials by 
rescaling w. Although the rescaling would require the square root 3(2s + 1), 
the square roots for w and W would cancel out, and we just have to divide w (in 
both instances) by (2s + 1)3 in the isogeny expression. The y-component does not 
change at all. 

And it is the y component that gives the transformation of Painleve solutions, 
namely we identify y with q and Y with q in the above formulae, thus proving 
Theorem 11.51 
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Appendix A Isomonodromic deformations associated to the sixth 

Painleve equation 

Here we recall without proof some very well known facts about the Painleve 
sixth equation and its relation to the monodromy preserving deformations equations 

mm. 



The sixth Painleve sixth equation (1.1) describes the monodromy preserving 



deformations of a rank 2 meromorphic connection over with four simple poles 
0, t, 1 and oo: 

where 

(A.2) eigen(A,) =±^, fori = 0,i,l, := -Aq - At - Ai 



(A.3) A^ = 



and the parameters 6i, i = O,t,l,oo are related to the PVI parameters by ( 1.2 ). The 
precise dependence of the matrices Aq, At,Ai on the PVI solution q{t) and its first 
derivative q{t) can be found in [16], we will use a slightly modified parametrisation 
in Section [4] which simplifies our formulae. In this paper we assume O^o ^ 

The solution ^(A) of the system ( |A.1[ ) is a multi- valued analytic function in the 
punctured Riemann sphere \ {0,t, l,oo} and its multivaluedness is described 
by the so-called monodromy matrices, i.e. the images of the generators of the 
fundamental group under the anti-homomorphism 

piTTi (pi\{0,t,l,oo},Ao) ^^L2(C). 

In this paper we fix the base point Aq at infinity and the generators of the funda- 
mental group to be lo,lt,h, where each Z^, z = 0, i, 1, encircles only the pole i once 
and lo,lt^ h are oriented in such a way that 

(A.4) MoMtMiM^ = a, 

where Moo — exp(27riAoo). 

A.l. Riemann-Hilbert correspondence and monodromy manifold. Let us 

denote by J-{6o^9t,Oi,9ao) the moduli space of rank 2 meromorphic connection 



with four simple poles 0,l,i, cx) of the form (A.l). Let A4{ao,at,ai,aoo) 



denote the moduli of monodromy representations p up to Jordan equivalence, with 



the local monodromy data of a^'s prescribed by (1.3). Then the Riemann-Hilbert 
correspondence 

^(^1, ^2, 03, 0^)\g ^ (?2, 03, 0oo)\GL2(C), 

where G is the gauge group [1], is defined by associating to each Fuchsian system 
its monodromy representation class. The representation space 7W(ao, a^, Oi, Ooo) is 
realised as an affine cubic surface (see [TU [TT] ) . Let us briefly recall this construc- 
tion. 



With oot, aoi, flti defined as in ( |1.4[ ), Jimbo observed that the relation (A.4 1 gives 
rise to the following relation: 

'^ot + '^01 + '^ti + ttotfloi'^ti ~ "^otOot ~ woiaoi — wtiOti + — 0, 
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with the cj-parameters defined as m (1.6 1. In Iwasaki proved that the tuple 
(oq, ai, flot, api, flji) satisfying the cubic relation (1.51 provides a set of coordi- 
nates on a large open subset S d A4. In this paper, we restrict to such open 
set. 



Appendix B Hamiltonian structure and Okamoto birational 

transformations 

The sixth Painleve equation admits Hamiltonian formulation [22], i.e. it is equiv- 
alent to the following system of first order differential equations: 

where q{t) is the solution of the PVI and the Hamiltonian H{p, q, t) is given by the 
following: 

H = titi) Hi - - ^)P' - {^0(9 - l){q - t)+ 
+eiqiq ~t) + [Ot - l)q{q - l)}v + k(<Z - t)] , 

with 



Okamoto studied the group Gvi of birational canonical transformations of the 
Hamiltonian system (p,q,t, H), involving different parameters. In |23) he showed 
that Gvi is isomorphic to the extended affine Weyl group of type F4. Following 
|21) . we list Okamoto birational transformations in the Table here below. 
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Oo 


Ot + 1 


-i.q-t)((q-t)p+p) 

t(t-l) 


t(q-l) 
q-t 


t 


coi 




Ot 


Oo 


Oqo 


-p 


1-q 


1-t 






Ot 


Oi 


00 + 1 


-q{l + p + qp) 


i/q 


lit 




et 


Oo 


Oi 


Oqo 


-{t-l)p 


t-q 
t-1 


t 

t-1 



Table: Bi-rational transformations for Painleve VI, p = 



t^n — — t^i- 



The first five transformations sq, st, si, Soo, Sp generate a group isomorphic to the 
affine Weyl group W{D^'') of type D4. Inaba, Iwasaki and Saito [ini proved that 
the action of this subgroup is the identity on the monodromy manifold. 

The extended affine group of type D4 is obtained by adding the generators ro, rt 
(we listed also ri even though it is not needed as a generator). These act as 
permutations on the monodromy matrices and on the monodromy manifold they 



simply permute and change of two signs as eplained in Subsection 2.1 (see for 
example \TE\). 
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To obtain the extended affine Weyl group of type F4 we need to add the sym- 
metries (Toi : ""Ooo : fot ill which the time variable is changed by fractional linear 
transformations. The action on the monodromy matrices was obtained in 13]). 
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